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Abstract
We present heuristic arguments that hint to a possible connection of Lorentz
violation with observed phenomenon in condensed matter physics. Various refer-
ences from condensed matter literature are cited where operators in the Standard
Model Extension appear to be enhanced. Furthermore, we consider the Le´vy-
Leblond equation, which is the analogue of Dirac equation in non-relativistic
quantum mechanics. We show that we can obtain the Le´vy-Leblond equation
by adding enhanced Lorentz violating operators to the Dirac equation. Based
on these observations, we propose that Lorentz violation exhibits itself in non-
relativistic quantum mechanics.
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1 Introduction
Einstein’s theory of relativity has stood the test of time and is in excellent agree-
ment with observations. Various attempts have been made to develop scenarios where
Lorentz violation can exhibit itself in nature [5–7]. The Standard Model Extension
(SME) [5] provides a consistent framework for incorporating Lorentz violation as a
low energy effective theory. The effective operators in the SME involve couplings of
fermions with background fields which transform under observer Lorentz transforma-
tion but remain invariant under particle Lorentz transformations [5].
This article aims to highlight an interesting similarity between developments in
condensed matter physics and Lorentz violation in the last few decades. In particular,
we focus on Lorentz violation as understood in the SME. In reference [10] it was pointed
out that, in the non-relativistic limit, one of the terms in the SME yields the Rashba
spin-orbit interaction that arise in condensed matter systems with structural inversion
asymmetry. In this article we point out several terms in the SME that are employed
in developing fields in condensed matter physics, such as spintronics and the study
of graphene. Furthermore, we consider the Le´vy-Leblond Equation (LLE) [1–4] and
show that it can be obtained by adding Lorentz violating terms in the Dirac equation.
Based on these observations, we propose that Lorentz violation exhibits itself in the
non-relativistic limit.
The paper is organized as follows: In section 2 we briefly introduce the SME.
In section 3 we present the non-relativistic Hamiltonian of the SME. We discuss the
terms in the SME that are typically considered in various condensed matter systems.
In section 4 we consider the LLE and show that it also be obtained by adding Lorentz
violating terms in the Dirac equation. Section 5 outlines our conclusion.
2 Brief review of the SME
The minimal SME provides a standard framework for testing Lorentz and CPT vio-
lation in various experiments [8] (for reviews see [9]). The QED sector of the mSME
Lagrangian for a single species of fermion with mass m is given by (~ = c = 1),
L = i
2
ψ¯Γµ
↔
∂µ ψ − ψ¯Mψ, (1)
where, A
↔
∂µ B ≡ A∂µB − (∂µA)B and µ = 0, 1, 2, 3.
Γν = γν + cµνγµ + d
µνγ5γµ + e
ν + if νγ5 +
1
2
gλµνσλµ, (2)
M = m+ aµγ
µ + bµγ5γ
µ +
1
2
Hµνσ
µν . (3)
2
System HCM hNR
coeff.
References
Rashba SOI α~ (pxσy − pyσx) Djk [17, 18,22,23]
Dresselhaus SOI β~ (pyσy − pxσx) Djk [19, 22,23]
Single-layer
graphene
v (pxσx + pyσy) Djk [25–29]
Bilayer graphene 1
2m
(
p2++p
2
−
2
σx − p
2
−−p2+
2i
σy
)
Fjkl [29–31]
Heavy holes in a
quantum well
i α˜
2~3
(
p3−σ+ − p3+σ−
)
Ijklm [23, 24]
Bulk Dresselhaus
γD
~3
[
σxpx
(
p2y − p2z
)
+ σypy (p
2
z − p2x)
+σzpz
(
p2x − p2y
)] Ijklm [22, 23]
Table 1: We list here some common interaction Hamiltonians employed in condensed
matter literature and the relevant coefficients of the SME. The coefficients shown in the
third column are linear combinations of the SME coefficients displayed in equations (5)-
(12). Here p± = px±ipy, σ± = σx±iσy. This table has been adopted from reference [21]
in order to highlight the relevant coefficients in the SME. For the complete table the
reader is referred to this reference.
The coefficients of the SME contained in Γν are dimensionless whereas those in M have
dimensions of mass. The terms with the coefficients aµ, bµ, eµ, fµ and gλµν violate CPT
while those with coefficients cµν , dµν and Hµν preserve CPT. These background fields
transform in their respective manners (e.g. as vectors, tensors, etc.) under observer
Lorentz transformations so that the Lagrangian is Lorentz invariant under observer
Lorentz transformations. Under particle Lorentz transformations only the fermion
fields are boosted or rotated and the background fields given in equations (2) and (3)
remain invariant. Therefore, the terms in the mSME lead to particle Lorentz violation.
The formalism of the SME allows for observer transformations that enables the choice
of any combination of these coefficients. We will see that various condensed matter
systems corresponds to enhanced values of different combinations of these coefficients.
3 The Hamiltonian
In this section we present the non-relativistic Hamiltonian of the SME derived in ref [11]
and discuss various examples in condensed matter where these terms are enhanced.
The systems we discuss will not be unique and there can be other systems where
similar interactions might be realized. These examples will however render basis to the
proposition that Lorentz violation is manifested in various condensed matter systems.
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Table 1 shows various examples of Hamiltonians employed in condensed matter
systems. The reader is referred to the references provided in the table for further
details. Below we present the non-relativistic Hamiltonian of the SME derived in [11]
using the Foldy-Wouthuysen transformation and discuss the terms of the SME relevant
for various condensed matter systems. The non-relativistic Hamiltonian hNR for the
two component fermion is given by [11,12]
hNR = m+
p2
2m
+ A+Bjσj + Cj
pj
m
+Djk
pjσk
m
+ Ejk
pjpk
m2
+ Fjkl
pjpkσl
m2
+Gjkl
pjpkpl
m3
+ Ijklm
pjpkplσm
m3
(4)
where
A = a0 −mc00 −me0 (5)
Bj = −bj +mdj0 − 1
2
mjklgkl0 +
1
2
jklHkl (6)
Cj = −aj +m(c0j + cj0) +mej (7)
Djk = b0δjk −m(djk + d00δjk)−mklm(12gmlj + gm00δjl)− jklHl0 (8)
Ejk = m(−cjk − 1
2
c00δjk) (9)
Fjkl = [m(d0j + dj0)− 12(bj +mdj0 + 12mjmngmn0 + 12jmnHmn)]δkl
+1
2
(
bl +
1
2
mlmngmn0
)
δjk −mjlm(gm0k + gmk0) (10)
Gjkl = ajδkl −mejδkl (11)
Ijklm =
1
2
[
(−b0δjm +mdmj + jmnHn0) δkl +
(−mdjk − 12mδknpgnpj) δlm] (12)
Here σi denote the three Pauli matrices. The implications of various coefficients in the
non-relativistic limit has been studied extensively in the SME (see, for example [16]
and reference [8] for limits on various coefficients of the SME). Here we discuss the
condensed matter systems that exhibit enhanced values of these coefficients. Follow-
ing are some of the important interactions and materials employed in contemporary
condensed matter physics relevant to the SME framework:
• Rashba interaction [17,18]: Spin orbit interaction arises in the non-relativistic
limit of the Dirac equation. These interactions are particularly important in
spintronics and can influence the properties of the electrons in these systems. An
important type of SOI, called the Rashba SOI arises due to structural inversion
asymmetry at the interface of, for example, semiconductor hetrostructures. Due
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to the asymmetry in the confining potential an electric field is induced at the
interface. A 2 dimensional electron gas (2DEG) at the interface ‘sees’ this elec-
tric field as an effective magnetic field and this lifts the spin degeneracy of the
electrons at the interface. The Rashba Hamiltonian for a 2DEG confined in the
xy plane is given by
HR =
αR
~
(σxpy − σypx) (13)
where αR is the Rashba coupling and its experimental value of the order 10
−11−
10−10 eV-m. The coefficient αR is proportional to the confining electric field Ez
which quantifies the asymmetry in the confining potential.
In the SME this coefficient is proportional to the relevant components of the
background fields (d, g and H) contained in the coefficient Djk in equation (8).
It was shown in reference [10] that a Rashba-type interaction term also arises
in the non-relativistic limit of the SME. A limit was thereby derived for Rashba
coefficient for Lorentz violation (αRLV = ~cH03/m . 10−30 eV-m). Similarly, we
can also derive the SME coefficient for condensed matter systems. If we choose
the typical value of αR ∼ 10−10 eV-m for a 2 dimensional electron gas with
interaction Hamiltonian in equation (13), the SME coefficient D12 ∼ 10−6 GeV,
which is around 20 orders of magnitude larger than the current limit for, say,
D12 = H03.
• Dresselhaus interaction [19,22,23] : This type of spin-orbit interaction also
plays an important role in spintronics. It is understood to arise as a result of the
bulk inversion asymmetry in the material. The Hamiltonian for cubic Dresselhaus
interaction is given by
H
(3)
D =
γD
~3
[σxpx(p
2
y − p2z) + σypy(p2z − p2x) + σzpz(p2x − p2y)] (14)
where γD is the Dresselhaus constant and its value is material dependent. Ex-
perimentally the value of γD ∼ 10−30 eVm3. The corresponding SME coeffi-
cient for cubic Dresselhaus interaction is Ijklm. The relationship of γD with, say,
Ijjkk = mdjj is
γD =
~3djj
m2c
(15)
Therefore, for γD ∼ 10−30 eVm3 we get djj ∼ 102 for the electron. In a narrow
quantum well, the operators pz and p
2
z can be replaced by their expectation values.
This yields the linear Dresselhaus interaction as
HD = β(σxpx − σypy) (16)
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where β = γD〈p2z〉. The cubic part of the above Hamiltonian can be neglected for
strong confinement along the z direction. The typical value of β ∼ 10−11 eV-m.
It is interesting to note that Rashba and Dresselhaus interactions depend on the
asymmetry of the structure. Absence of symmetry in condensed matter systems
typically leads to such interactions as a result of induced effective (electric or
magnetic) fields.
• Graphene [25–29] : Graphene is typically referred to a material that is essen-
tially 2 dimensional and is composed of a single layer of carbon atoms arranged
in a honey comb lattice. It is one of the most important materials in contempo-
rary condensed matter physics due to the very interesting properties it possesses.
These properties include high electron mobility, thermal conductivity and a high
damage threshold. Another interesting property is that its opacity solely depends
on the fine structure constant [20].
In graphene, quasi-particles near the Dirac point behave as 2 dimensional massless
Dirac fermions. The dispersion relation of these particles is linear, E = ±vFp.
The Hamiltonian of these particles is that of a massless spin 1/2 particle given
by
HG = vF~σ.~p (17)
where vF ∼ 106 m/s is the Fermi velocity and ~p is the momentum of the quasi-
particle. The above Hamiltonian has the form of Weyl equation which arises in
the massless limit of the Dirac equation. This Hamiltonian is a consequence of
graphene’s crystal symmetry.
The SME framework can also be used to explain the origin of the Hamiltonian in
equation (17). The coefficient c00 in the SME is unique since the term with this
coefficient has the form of the kinetic energy of the particle. If the only non-zero
coefficients in the SME are c00(= 1) and d00 then the Hamiltonian in equation
(4) takes the form
hNR = (d00c) ~σ.~p (18)
where c is the speed of light. Therefore
vF = d00 c (19)
An enhancement in the coefficient c00 and |d00| ∼ 10−2 might account for the
behavior of quasi-particles in graphene. Similarly, for the Hamiltonian of bilayer
graphene, displayed in the fourth row of Table 1, additional contribution to the
Hamiltonian arise from the coefficient Fjkl of the SME.
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Stability and causality issues for relativistic field theories with massive fermions
and a non-zero cµν coefficient was studied in ref [13]. It was shown that a non-
zero cµν can lead to issues like instability and causality violations in the theory.
In particular a positive c00 implies issues with stability (space-like momenta)
while a negative c00 can lead to microcausality violations. This however can
be avoided by appropriate modification of the dispersion relations [13]. For the
case of graphene these conclusions do not necessarily hold since the fermions are
essentially massless and the momenta involved are non-relativistic. Note also
that a non-zero cµν is equivalent to a model with non-zero k˜µν (see, for example
references [14] and [15] for details).
• Heavy holes: Another example is a system with heavy holes where a structure
inversion asymmetry similar to the Rashba interaction leads to the cubic interac-
tion displayed in fifth row Table 1. This again is accounted for by the coefficient
Ijklm provided in equation (12). The reader is referred to the references in the
table for further details on the materials where these interactions are important.
The coefficients in the SME are understood as background fields that couple to the
fermions. In condensed matter systems the role of these background fields are played by
physical parameters such as the electric and magnetic fields. It is also interesting that
in most cases the important SME terms in condensed matter systems are connected to
the symmetry of the structure.
The above examples can serve as motivation to further investigate systems where
the dynamics of the carriers are described by enhanced SME coefficients and other
linear combinations. The ideas presented herein can be tested in several ways. If
this proposal is correct than it should be possible to realize situations in condensed
matter systems where other coefficients of the SME get enhanced. Therefore future
investigation is required to test this proposition.
4 Lorentz violation and the Le´vy-Leblond Equation
The LLE is the analogue of the Dirac equation and describes fermions in the non-
relativistic limit [1–4]. In this section we discuss how the LLE can be viewed from the
perspective of Lorentz violation. It was shown in [3] that the LLE is the non-relativistic
limit of the Dirac equation. The Dirac equation is Lorentz invariant whereas the LLE
is invariant under Galilean transformations [1]. We show that we can obtain the LLE
by adding operators, that violate Lorentz invariance, to the Dirac equation. The Dirac
equation is given by
(iγµ∂µ −m)ψ = 0 (20)
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or
(iγ0∂0 + iγi∂i −m)ψ = 0 (21)
where γµ are the Dirac matrices. Considering plane wave solutions (ψ = u(p)e
−ip.x =
u(p)e−i(Et−pzz)) and following the procedure outlined in reference [3] we obtain the
non-relativistic limit of the Dirac equation as
(η1E
′ − γipi + η2m)u = 0 (22)
Here η1 = (γ0 + I)/2 and η2 = (γ0 − I) and the above equation yields the dispersion
relation of a non-relativistic particle (E ′ = p2i /2m). The matrices η1,2 are hermitian
and are singular (η1η2 = 0). Note that in [3] the non-relativistic limit of the Dirac
equation was analyzed with the iγ5 mass term. The matrices obtained in [3] were
non-hermitian and singular. Equation (22) can be written as
(iηµ∂µ + η2m)ψ = 0 (23)
where ηµ = (η0, ηi) = (η1, γ
i). Equation (22) was obtained as the non-relativistic
limit of the Dirac equation. We can also view equation (22) from the perspective of
Lorentz violation. For that, consider the Dirac Lagrangian (LD) and the Lagrangian
corresponding to the LLE (LL),
LD = iψ¯γµ∂µψ −mψ¯ψ (24)
LL = iψ¯ηµ∂µψ +mψ¯η2ψ (25)
The Lagrangian corresponding to the LLE can be written as
LL = LD + LLV (26)
where LLV includes terms that violate Lorentz invariance. These terms, when added
to the Dirac Lagrangian, yield the Lagrangian corresponding to (22), i.e.,
LLV = iψ¯
(
I − γ0
2
)
∂0ψ +mψ¯γ0ψ (27)
We can see that the Lorentz violating terms have enhanced coefficients. This further
supports the observations made in the previous section, i.e., enhanced Lorentz violating
operators play an important role in non-relativistic quantum mechanics.
8
5 Conclusion
We suggested that several effects observed in condensed matter systems can be at-
tributed to enhancement of Lorentz violation in the SME. Various references were pre-
sented as examples where these coefficients are enhanced. Further analysis is required
to test this proposition. The coefficients of the SME are realized as various physical
parameters in condensed matter systems. For example, systems where Rashba and
Dresselhauss interactions are realized are examples where the coefficients of the SME
play the role of fields induced due to the asymmetry of the structure (spatial inver-
sion or bulk inversion asymmetry). Similarly, graphene is an example of a material
where the crystal symmetry leads to a Hamiltonian for the quasi-particles that can be
obtained in the SME.
We also considered the Le´vy-Leblond equation and showed that it can be obtained
in the non-relativistic limit of the Dirac equation. In addition, we also showed that
the Le´vy-Leblond equation can be obtained by adding Lorentz violating operators to
the Dirac equation. Based on these observations, we propose that Lorentz violation
exhibits itself in non-relativistic quantum mechanics.
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